Kernlized Stein Discrepancy

Xing Liu
February 13, 2023

Imperial College London



Main Reference for the Talk

A. Anastasiou, A. Barp, F.-X. Briol, et al. (2021) Stein’s Method Meets
Statistics: A Review of Some Recent Developments



Table of Contents

1. Motivation

2. Kernelized Stein Discrepancy

3. Application 1: Goodness-of-Fit Testing

4. Application 2: Sample Quality Quantification

5. Application 3: Sample Approximation



Motivation



Motivation — Quantifying Discrepancy

Let Q, P be probability measures on X C R%.

e P admits a density p = p*/Z, where Z is an unknown normalising
constant.
e Samples are observed from @ only.
Problem of interest: How to quantify the discrepancy between P and

another probability measure @ 7
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Integral Probability Metrics (IPM)!
Given a family % C L*(P) N L*(Q) of real-valued functions, the TPM is:

du(Q, P) = D [Ex~q[h(X)] — Ex~p[R(X)]|-
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Motivation — Quantifying Discrepancy

Integral Probability Metrics (IPM)!
Given a family % C L*(P) N L*(Q) of real-valued functions, the TPM is:

du(Q, P) = sup [Ex~@[R(X)] — Exopfh{XT]].

e Total Variation distance: % = {h : X — R : sup,, |h(z)| < 1}
e L'-Wasserstein distance: dyy:
Hw ={h: X = R:|h(z) - h(y)| < ||lz — yll2, Yz, y}
e Bounded Wasserstein distance/Dudley metric: dpyy:
How = {h € Hw : h is bounded}
Problem: dy(Q, P) requires integrating over P, so it cannot be computed!

Solution: Choose H so that Vh € H, Ex~p[h(X)] = 0.

How to choose H for a generic P 7 — Use

! Miiller, 1997]



Kernelized Stein Discrepancy



Stein’s Method

Given a probability measure P on X', we are interested in finding a linear
operator 7 acting on some set G(7) of functions on X such that

Stein’s Identity
For any probability measure @@ on X,

Q=P <= Ex-q[(Tg)(X)] =0, for all g € G(T). (1)
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Stein’s Method

Given a probability measure P on X', we are interested in finding a linear
operator 7 acting on some set G(7) of functions on X such that

Stein’s Identity
For any probability measure @@ on X,

Q=P <= Ex-q[(Tg)(X)] =0, for all g € G(T). (1)

Glossary:
e Stein operator: T
e Stein class: G(7) for which
Ex~q[(Tg)(X)] =0 for all g € G(T)
e Stein set: Any G C G(T)

e Stein characterisation: The equivalence (1)

Charles Stein



A Discrepancy based on Stein’s Method

Setup: P,(Q two probability measures. P has unnormalised density p that
is continuously differentiable.
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Recall: The IPM is d#(Q, P) = supj, ¢y [Ex~q[h(X)] — Exp{htX)]].

Stein Discrepancy
Given a Stein operator 7 and a Stein set G, the Stein discrepancy is:
S(Q7 Pa g) = Sung{Tg: g€eg} HEXNQ[(Tg)(X)]HQ

Ideally, we want

° :S(Q,P,G) =0 < Q=P
° : S(Q, P,G) can be efficiently computed even when the

normalising constant of p is unknown and sampling from P is infeasible.

How to choose 7 7

How to choose G 7



Reproducing Kernel Hilbert Spaces (RKHS)

Reproducing kernel: k: X x X — R.

e Symmetric: k(z,y) = k(y, z).
e Positive definite: For any n € Z4+, x1,...,2, € X and c1,...,c, € R,
Z?j:l Cl‘Cjk(fi,fj) 2 0.
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Reproducing Kernel Hilbert Spaces (RKHS)

Reproducing kernel: k: X x X — R.
e Symmetric: k(z,y) = k(y, z).
e Positive definite: For any n € Z4+, x1,...,2, € X and c1,...,c, € R,
Z:j:l Cl‘Cjk(fi,fj) 2 0.
RKHS: A Hilbert space Hj is a RKHS associated with k if
o Vo e X, k(-,z) € H.
e Reproducing property: Vo € X, Vf € H, (f, k(-, z))n, = f(x).

1.0
— 50
— 10.0

6 -4 -2 0 2 a4 6 6 -4 -2 ) 2 4 6
lix =113 lx = vl13

Radial basis function (RBF): Inverse multi-quadric (IMQ):

—1/2
Kz, y) = exp (= Lz — yl3) k() = (1+ Lz - yI3) ;



Kernelized Stein Discrepancy

(Langevin) Kernelized Stein Discrepancy (KSD)?
Choosing ;' := X}_, G for Gy := unit-ball in a RKHS H, the KSD is

D(Q, P) = S*(Q, P,Gi) = Ex x'~qlkr (X, X")],
where

kp(z,2') = k(z,2")(sp(x), sp(z")) + (Vok(z,2'), sp(z"))
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and sp(z) = V;logp(z).

>
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Kernelized Stein Discrepancy

(Langevin) Kernelized Stein Discrepancy (KSD)?
Choosing ;' := X}_, G for Gy := unit-ball in a RKHS H, the KSD is

D(Q, P) = S*(Q, P,Gi) = Ex x'~qlkr (X, X")],
where

kp(z,2') = k(z,2")(sp(x), sp(z")) + (Vok(z,2'), sp(z"))
+ (Vo k(z, 1’,), Sp(x» + <Vﬂc7 vz/k(xvx/»v

and sp(z) = V;logp(z).

kp: Stein reproducing kernel.

D(Q,P) >0and D(Q,P) =0 < Q= P.

kp is computable even if p is only known up to a normalisation:
sp(z) = Ve logp(x) = Vi log(p®(z)/Z) = Vi logp* (z) — V=2
Estimation: given i.i.d. {X;}i—; ~ Q,

’L = Zl<z¢j X”X)

>
“[Liu et al., 2016, Chwialkowski et al., 2016] 8



Kernlized Stein Discrepancy

i.i.d. from mixture i.i.d. from single
target P mixture component
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Figure credit: [Gorham and Mackey, 2017]
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Convergence Determination

Setup: P same as before, and {Q, }»>1 is a sequence of empirical measure.
Questions:

1. Does Q, —q P imply D(Q,, P) — D(P, P) = 0?

2. Does D(Qn, P) — 0 imply Qn, —q P ?

Theorem [Gorham and Mackey, 2017]

1. If Vlogp is Lipschitz , then
dw (Qn,P) - 0 = D(Qn,P) — 0.

2. Assume V logp is
If either an kernel is used or (Qn)n>1 is
. Then D(Qn,P) -0 = Qn —a P.

General conditions under which Q,, =4 P <= D(Qn, P) — 0:
[Hodgkinson et al., 2020, Barp et al., 2022]
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Goodness-of-Fit Testing
Given sample {X;}i=; drawn independently from @, test

Ho:Q=Pvs. H :Q#P.

KSD test®: Compute test statistic ID,, using {Xi}iz1, and reject for large

values.
Given significance level a € (0, 1), the rejection threshold ¢i—o should
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Type-I error = PP(Dn >Gi—a) < a.
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Application 1: Goodness-of-Fit Testing

Goodness-of-Fit Testing
Given sample {X;}i=; drawn independently from @, test

Ho:Q=Pvs. H :Q#P.

KSD test®: Compute test statistic ID,, using {Xi}iz1, and reject for large

values.

Given significance level a € (0, 1), the rejection threshold ¢i—o should

satisfy
Type-I error := ]P’p(]ﬁ)n > Gi—a) < .
To compute §¢1—o, we need to know the distribution of I,, under Hp.

e Intractable, but can be approximated using

3[Liu et al., 2016, Chwialkowski et al., 2016]
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Goodness-of-Fit Testing

Algorithm (KSD Test)
Given {z;};i=; ~ @ and a test level o > 0,

1. For b=1,..., B, compute
KSD?;, == 7%2 Zlgi#jgn efe?kp(azi,a:j),

where €4, ..., €’ are i.i.d. Rademacher r.v. in {—1,1}.

2. Reject if D? > 4, = (1 — a)-quantile of {I@i’b}fﬂ.

12



Example — 1D Gaussian Mixture

©KSD-U

4-KSD-Linear
5MMD-MC(1000)

2 Chi Square
-+Kolmogorov-Smirmov
<)»Cramer-Von Mises
<-LR(Simple vs. Simple)

81 03 1 VoY 31 03 1" VI
Perturbation Magnitude o, Perturbation Magnitude o,
(a) Perturbation on Mean  (b) Perturbation on Variance  (c) Perturbation on Weights

Figure credit: [Liu et al., 2016]

o P=3"7_ wiN(u,0?), where wy = %, 0% =1, and i € [0, 10].

e Q = same as P but with Gaussian noise injected into ux, o> and log wy.
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Blindness of KSD

D(Q, P) ~ 0 when @ and P are multi-modal distributions with

well-separated modes. — KSD test power =~ «.

m=0.001, J[q||p]=1.6e-06
~ '.~
]

5, Jlql|p]=5.5e-08

1 ~~o
10 -5 0 5 10

score

density

=10 =5 o 5 10
— p — g —- Vlogp(x) —- Viogq(x)

m=0.4, |[p'[|p] = 1.2e-09 m=0.1, J[p'||p] = 3.8e-08 m=0.001, J[p'||p] = 7.6e-07

- [ =

3025
:
10 -5 0 0
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5 10 -10 -5 0 5 10 -10 =5 0 5 1
' -=- Vlogp(x) --- Vlogp'(x)

Figure credit: [Wenliang and Kanagawa, 2020]
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Figure credit: [Liu et al., 2022a] "
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Application 2: Sample Quality Quantification

Setup: P same as before, and {X;};-; an i.i.d. sample from some Q.
e E.g., Qis a MCMC sampler targeting P, or a generative model.

Questions: How to quantify how well {X;};, fits P ?
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Application 2: Sample Quality Quantification

Setup: P same as before, and {X;};-; an i.i.d. sample from some Q.
e E.g., Qis a MCMC sampler targeting P, or a generative model.
Questions: How to quantify how well {X;};, fits P ?

e Classical diagnostics such as and the
do not account for asymptotic bias.

° is a natural metric due to its convergence-determining property!
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Example — Hyperparamter Selection

ESS (higher is better) £=0 (n=230) e=107(n=416) e=10" (n=1000)
35+ d 31

L 4 LI

g 30 Py »oge

2 25+ B -

8 204 o~ 14

g

§ KSD (lower is better) [ 0 A

k=1

E 05+ -1 ®

j=J

9 o0+ -27
0 0% 10° 102 107 -2 - 0 1 2 -2 - 0 1 2 2 -1 0 1 2
Tolerance parameter, € X4

Using KSD to select hyperparameters of a MCMC sampler, with comparisons
against ESS (Effective Sample Size). Figure credit: [Gorham and Mackey, 2017]
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Application 3: Sample
Approximation




Application 3: Stein Variational Gradient Descent

Objective: Sampling from P with continuously differentiable density p.
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Objective: Sampling from P with continuously differentiable density p.
Idea:

e Initialise X ~ @
e Iteratively apply a map T'(X) = X + eg(X) so that T°°(X) ~ P.

Choose g in some function class H to maximally decrease KL(T% Q| P):

supgep {— g KL(T% Q|| P)le=0} *)

[Liu and Wang, 2016]:

17



Application 3: Stein Variational Gradient Descent

Objective: Sampling from P with continuously differentiable density p.
Idea:

e Initialise X ~ @
e Iteratively apply a map T'(X) = X + eg(X) so that T°°(X) ~ P.

Choose g in some function class H to maximally decrease KL(T% Q| P):

supgep {— g KL(T% Q|| P)le=0} *)

[Liu and Wang, 2016]:
e (*) =S(Q, P, H), the objective!

17



Application 3: Stein Variational Gradient Descent

Objective: Sampling from P with continuously differentiable density p.
Idea:

e Initialise X ~ @
e Iteratively apply a map T'(X) = X + eg(X) so that T°°(X) ~ P.

Choose g in some function class H to maximally decrease KL(T% Q| P):

supgey{— 3 KL(T% Q| P)le=0} *)
[Liu and Wang, 2016]:

e (*) =S(Q, P, H), the objective!

e Hence, the optimal ¢* is the maximiser in (*).

17



Application 3: Stein Variational Gradient Descent

Objective: Sampling from P with continuously differentiable density p.
Idea:

e Initialise X ~ @
e Iteratively apply a map T'(X) = X + eg(X) so that T°°(X) ~ P.

Choose g in some function class H to maximally decrease KL(T% Q| P):

supgep {— f KL(T4QIP)le=0} = supyey Ex~o[(T9)(X)] *)

[Liu and Wang, 2016]:
e (*) =S(Q, P,H), the Stein discrepancy objective!

e Hence, the optimal ¢* is the maximiser in (*).

e Choosing H to be a RKHS, ¢g* has an analytical form:
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attraction repulsion
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e Initialise X ~ @
e Iteratively apply a map T'(X) = X + eg(X) so that T°°(X) ~ P.

Choose g in some function class H to maximally decrease KL(T% Q| P):

supgep {— f KL(T4QIP)le=0} = supyey Ex~o[(T9)(X)] *)

[Liu and Wang, 2016]:

(*) =S(Q, P,H), the Stein discrepancy objective!

e Hence, the optimal ¢* is the maximiser in (*).

e Choosing H to be a RKHS, ¢g* has an analytical form:
9" () = Ex~o[Tk(:,x)] = Ex~@[Vlogp(X)k(X, ) + Vok(X, )]
—
attraction repulsion
e Using g* in the map T — Stein variational gradient descent (SVGD).
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Application 3: Stein Variational Gradient Descent

Stein Variational Gradient Descent

e Given Xq,..., X, ~ Q@ iid., and ¢ > 0.
e Fort=1,2,..., set

_ € z
x® = x4 . STRXY, X Viogp(X(Y) + Vxk(X, X ) .

j=1

. Oth lteration 50th lteration 75th Iteration 100th lteration 150th Iteration 500th lteration
0.3
02 i =
0.1
10 0 10 -10 0 10 10 0 10 10 0 10

Figure credit: [Liu and Wang, 2016]
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e Deterministic interacting particle system.
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e Given Xq,..., X, ~ Q@ iid., and ¢ > 0.
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e Deterministic interacting particle system.
e Both asymptotic [Liu, 2017] and non-asymptotic theories
[Liu and Wang, 2018] are available.
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Variance Collapse

Even in moderate dimensions, SVGD particles will collapse onto the modes
of P and exhibit no diversity.

e https://github.com/ImperialCollegeLondon/GSVGD/blob/main/
imgs/gsvgd_cover.gif

Solutions:

e Work on low-dim projected spaces:
[Gong et al., 2021a, Gong et al., 2021b, Liu et al., 2022b].

19
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Yet There are Many More...

e Post-processing of MCMC samples [Riabiz et al., 2020].
Stein points [Chen et al., 2018, Chen et al., 2019].
e Model training [Barp et al., 2019, Grathwohl et al., 2020].
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